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1 
It was f i r s t  shown by Sagdeev t h a t  ion-sound s o l i t a r y  

wave can o c c u r  i n  a  plasma w i t h  c o l d  i o n s  and h o t  e l e c t r o n s .  Later 

L Washimi and Tanu-lt i  sllowed t h a t  t h e  IZorteweg-deVries e q u a t i o n  can 

be  d e r i v e d  f o r  t h e  problem of ioli-sound wave d i s t u r b a n c e s  moving w i t h  

v e l o c i t y  s l i g h t l y  g r e a t e r  t h a n  t h e  ion-sound s p e e d  i n  a homogeneous 

plasma f r e e  o f  external f i e l d .  Consequent ly  s t e a d y - s t a t e  s o l u e j o n  

f o r  ion-sound s o l i t a r y  wave was a g a i n  demonstra ted by t h e s e  a u t h o r s ,  

The t h e o r e t i c a l  p r e d i c t i o n  of t h e  e x i s t e n c e  of ion-sound s o l i t a r y  

wave h a s  a t t r a c t e d  a g r e a t  d e a l  of a t t e n t i o n  i n  r e c e n t  y e a r s  s i n c e  

t h e  s u b j e c t  i s  h i g h l y  r e l e v a n t  t o  t h e  t h e o r y  o f  c o l l i s i o n l e s s  sliock 

waves. We w i s h  t o  d i s c u s s  some b a s i c  c o n c e p t u a l  d i f f i c u l t i e s  a s s o c i  - 

a t e d  w i t h  t h e s e  e a r l i e r  d e r i v a t i o n s  and t o  p ropose  a  more a c c u r a t e  

p i c t u r e  o f  t h e  e s s e n t i a l  p h y s i c s  i n v o l v e d .  

The b a s i c  assumptions  a d a p t e d  by Washimi e t  a l .  i n  d c r i v i n g  

t h e  Korteweg-deVries e q u a t i o n  f o r  t h e  ion-sound d i s t u r b a n c e  a r e :  

(1) t h e  i o n s  a r e  c o l d  compared w i t h  t h e  e l e c t r o n s ,  i . e .  T >> T e i ' 
and may be  d e s c r i b e d  by one-dimensional  hydromagnet ic  eqva t io l l s  , 

(2) e l e c t r o n  i n e r t i a  e f f e c t s  a r e  n e g l i g i b l e  and (3 )  t h e  e l e c ' t r o n s  

may b e  d e s c r i b e d  by a n  i s o t h e r m a l  e q u a t i o n  o f  s t a t e .  From t h e  l a s t  

two a s s u ~ n p t i o n s  we o b t a i n  

where n  i s  t h e  e l e c t r o n  d e n s i t y ,  @ t h e  e l e c t r o s t a t i c  p o t e n t i a l  e 

a s s o c i a t e d  w i t h  t h e  ion-sound d i s t r u b a n c e ,  and e t h e  absol-ute  v:il uc  

of t h e  e l e c t r o n  charge .  I n t e g r a t i n g  (1) one o b t a i n s  



where n  i s  t h e  d e n s i t y  of t h e  un i fo rm background. Express ion  ( 2 )  
0 

resembles  t h e  e q u i l i b r i u m  ~ o l t z m i n n  d i s t r i b u t i o n .  As a  m a t t e r  of  f ~ c t  

1 
e x p r e s s i o n  ( 2 )  h a s  a l s o  been used i n  t h e  work by Sagdeev . A t  t lz is  p o i n t  

we l i k e  t o  c a l l  a t t e n t i o n  t o  some of  t h e  b a s i c  d i f f i cu1 t : i - es  cont,ai~;ccl 

i m p l i c i t l y  i n  j u s t i f y i n g  E q .  (1)  o r  e x p r e s s i o n  ( 2 ) .  It i s  not: entirely 

c l e a r  t h a t  i n  g e n e r a l  e x p r e s s i o n  (2)  r e p r e s e n t s  a d e q u a t e l y  t h e  elecrron 

d e n s i t y  under  t h e  i n f l u e n c e  of t h e  t r a v e l i n g  wave. I n  t h e  f o l l o x ~ i n g  

we s h a l l  remark a  few p o i n t s .  

1.) From a m i c r o s c o p i c  o r  k i n e t i c - t h e o r e t i c a l  point- o f  view, 

a s t e a d y  s t a t e  ( d e f i n e d  w i t h  r e s p e c t  t o  t h e  wave frame) i s  p o s s i b l e  

on ly  when t h e  e l e c t r o n  d i s t r i b u t i o n  i s  a f u n c t i o n  o f  t h e  Hemil tonian 

H .  Here  

I n  (3 )  v i s  t h e  p a r t i c l e  v e l o c i t y  and Q d e n o t e s  t h e  e l e c t c o s t a t i c  

p o t e n t i a l  a s s o c i a t e d  v i t h  t h e  s o l i t a r y  wave. 

2 . )  I f  i n  t t ~ e  absence o f  t h e  wave t h e  e l e c t r o n s  have Yax~rell-izrz 

d i s t r i b u t i o n ,  t h e n  we e x p e c t  t h a t  

where F  i s  d e f i n e d  i n  t h e  wave frame and v i s  t h e  wave ve loc3 ;y .  e w 

(Here we have assumed t h a t  t h e  p o t e n t i a l  Q (x) peaks  a t  x  - 0 ) -  
0 



3 . )  I n  o r d e r  t h a t  e x p r e s s i o n  ( 2 )  h o l d s  t r u e ,  we must 

r e q u i r e  

From ( 5 ) ,  we s e e  t h a t  t h e  on ly  p e r m i s s i b l e  d i s t r i b u t v i o n  

f u n c t i o n  Fe(H) i s  

However, from (6)  

which i s  n o t  compat ib le  w i t h  ( 4 ) .  The p o i n t  which we t r y  t o  makc h e r e  

i s  t h a t  i n  a l a b o r a t o r y  f rame t h e  Hami l ton ian  a s s o c i a t e d  w i t h  the t ra -  

v e l i n g  wave i s  n o t  

b u t  

T h e r e f o r e  f rom t h e  k i n e t i c  t h e o r y  p o h t  o f  v iew a s t e a d y  s t a t e  sclution 

of t h e  t y p e  d e s c r i b e d  by (6)  is  n o t  c o n c e i v a b l e  because  i t  woul d v i o l  a t e  

t h e  boundary c o n d i t i o n  d e s c r i b e d  by ( 4 ) .  T h i s  i s  t h e  f i r s t  d i f f i c u l t y  

we want t o  p o i n t  o u t .  



L e t  us  n e x t  d i s c u s s  t h e  second d i f f i c u l t y .  Before  g c i n g  

f u r t h e r  we s e e  t h a t  t h e  f i r s t  d i f f i c u l t y  does n o t  o c c u r  i f  t h e  

plasma i n i t i a l l y  p o s s e s s e s  a  d i s p l a c e d  Mamlel l ian  e l e c t r o n  d i s t r i -  

b u t i o n  s u c h  t h a t  t h e  d i sp lacement  v e l o c i t y  happens t o  b e  t h e  wave 

v e l o c i t y  v 
W '  

a s  was done i n  Ref. 3. For  t h i s  p a r t i c u l a r  c a s e  

t h e  boundary c o n d i t i o n  g iven  by (4 )  r educes  t o  

which i s  i n d e e d  compat ib le  w i t h  t h e  s t e a d y  s t a t e  s o l u t i o n  d e s c r i b e d  

by ( 6 ) .  However i n  g e n e r a l  two b a s i c  t i m e  s c a l e s  s h o u l d  b e  c o n s i d e r e d ,  

One i s  t h e  t r a n s i t  t i n e ,  s a y  r which may b e  d e f i n e d  a s  
W '  

where L i s  t h e  t y p i c a l .  w i d t h  o f  t h e  wave and v  d e n o t e s  t h e  wave 
W 

speed .  The second t i m e  s c a l e  i s  a  r e l a x a t i o n  t i m e ,  T r '  and i t s  

p h y s i c a l  meaning may b e  c o n s i d e r e d  a s  f o l l o ~ , ~ s .  L e t  us imagine t h a t  

i n  a c e r t a i n  r e g i o n  t h e  plasma i s  i n  an e q u i l i b r i u m  s t a t e  wllen t h e  

wave i s  a b s e n t  i n i t i a l l y .  Then l e t  u s  suppose  t h a t  t h e  s o l i t a r y  wave 

i s  "formed" somewhere e l s e  and p ropaga ted  i n t o  t h i s  r e g i o n  under  co:~-- 

s i d e r a t i o n .  O f  c o u r s e ,  we expec t  t h a t  t h e  wave and t h e  plasma would 

i n t e r a c t  and consequen t ly  t h e  e l e c t r o n  d i s t r i b u t i o n  , f u n c t i o n  wo.~zld e v o l v e  

f rom an i n i t i a l  form, s a y  



t o  a  form d e s c r i b e d  by ( 6 ) .  The r e l a x a t i o n  time, r measures 
r '  

s u c h  a  t ime-evo lu t ion  p r o c e s s .  A s t e a d y  s t a t e  may be  argued t o  exist 

i f  we can shov  t h a t  

I n  g e n e r a l  we e x p e c t  t h a t  T i s  f i n i t e  and i n  f a c t  can b e  ve-cy large 
r 

f o r  t h e  low energy  p a r t i c l e s  such  t h a t  c o n d i t i o n  (13) does  n o t  hold true, 

With t h e  c o n c e p t u a l  d i f f i c u l t i e s  j u s t  mentioned we carrno t 

j u s t i f y  t h e  d e n s i t y  r e l a t i o n  d e s c r i b e d  by ( 2 ) .  T h e r e f o r e ,  we ques t  i o n  

t h e  v a l i d i t y  o f  t h e  s t e a d y  s t a t e  ion-sound s o l i t a r y  wave. 

One may t r y  t o  s i d e s t e p  t h e  f i r s t  d i f f i c u l t y  mentioned c a r l i e r  

by a r g u i n g  t h a t  s i n c e  vw 2 (T./M)' (where M i s  t h e  i o n  mass) illrich 

i s  s m a l l  compared w i t h  t h e  e l e c t r o n  t h e r m a l  s p e e d ,  t h e  boundary cond i - 

t i o n  g i v e n  by (4)  is  approx imate ly  s a t i s f i e d  by t h e  s o l u t i o n  given by 

(6) .  T h i s  argument i s  n o t  e n t i r e l y  a c c e p t s b l e .  The p o j n t  i s  t h a t  micro- 

s c o p i c  p r o c e s s e s ,  namely i o n  r e f l e c t i o n  e l e c t r o n  t r a p p i n g ,  can s j p i f i -  

c a n t  l y  a f  f e c t  t h e  p h y s i c a l  p i c t u r e ,  and p roduce  a p e r s i s t e n t  t i m e - d ~ p e i l c ' c ~ t  

p r o c e s s .  To exanline t h e  impor tance  o f  t r a p p i n g  p r o c e s s  l e t  u s  mc?::e soll?e 

o r d e r  o f  magni tude e s t i m a t e s .  

It i s  t r u e  t h a t  f o r  s m a l l  a m p l i t u d e  waves t r a p p i n g  of particles 

can b e  n e g l e c t e d  i n  many c a s e s .  The r e a s o n s  a r e  t h a t  u s u a l l y  the popu- 

l a t i o n  o f  t r a p p e d  p a r t i c l e s  i s  small. and t h e  " t r a p p i n g  t ime" i s  lo1?g coill- 

p a r e d  t o  t h e  most impor"tnt t ime s c a l e s  o f  i n t e r e s t  t o  u s ,  I n  the fo i lc : i ;n :  

we s h a l l  s e e  t h a t  n e j - t h e r  r e a s o n s  are t r u e  in t h e  c a s e  o f  ion-sound solita~y 

wave. To i J - l u s t r a t e  t h i s  p o i n t  l e t  us  a c c e p t  t h e  s o l u t i o n  f o r  the n:oz~cir+.. 

and t h e n  check t h e  p o s s i b l e  consecluence v h i c h  t h e  wave can p r o i u c e ,  122 



know t h e  s o l i t a . r y  wave s o l u t i o n ,  i . e . ,  

4 where L - h  /(S>1/2) (he i s  t h e  e l e c t r o n  Debye l e n g t h ) ,  Te, d e i i o t r s  
e 

t h e  e l e c t r o n  t e m p e r a t u r e ,  and BM i s  d e f i n e d  by 

Wave Speed v 
6M = W - I = - - - -  1 

v  
I o n  Sound Speed s 

From (14) we see t h a t  p a ; r t i c l e s  w i t h  v e l - o c i t i e s  w i t h i n  t h e  r a n g e  

may b e  t r a p p e d  by t h e  wave. Now we d e f i n e  a t r a p p i n g  v  such  t ha t  t 

where  v i s  t h e  e l e c t r o n  the rmal  speed.  We know t h a t  s o l u t i o n  (14) 
e 

e x i s t s 1  i f  0 < 6M c 0 . 6  . Hence l e t  u s  c o n s i d e r  a v e r y  weakly super- 

s o n i c  c a s e ,  s a y  6 M  = 0 . 1  . Even i n  such  c a s e ,  v  " 0.75 v Which 
t e 

i s  v e r y  l a r g e .  Th is  r e s u l t  i n d i c a . t e s  t h a t  a  l a r k e  p o p u l a t i o n  o f  electrons 

can b e  i n v o l v e d  w i t h  t h e  t r a p p i n g  p r o c e s s .  Thus i t  i s  u n l i k e l y  t h a t  

t r a p p i n g  i s  a n e g l i g i b l e  n o n l i n e a r  p r o c e s s  i n  a general  t h e o r y  o f  the 

ion-sound s o l i t a r y  wave. Fur thermore \re s h o u l d  p o i n t  o u t  t h a t  the 

t y p i c a l  bounce p e r i o d  o f  ( o r  soz~letimes c a l l e d  t h e  " t r a p p i n g  t i ~ e " )  a 

t y p i c a l  t r a p p e d  p a r t i c l e  i s  v e r y  s h o r t ,  We s e e  e a s i l y  



For  t h e  c a s e  6  M " 0 . 1  , T~ i s  s h o r t e r  t h a n  t e n  " e l e c t r o n  piasi-ia 

-3/2 
p e r i o d s "  t h a t  i s  v e r y  s h o r t  coxupared t o  t h e  s c a l e  [ i . e . ,  (6N) 

- 1 % 
w (mi/me) ] f o r  which t h e  p e r t u r b a t i o n  scheme used  by Washfmi a n d  e 

T a n u i t i  i s  v a l i d .  

To conc lude :  because  hydromagnet ic  t h e o r y  on ly  d e s c r i b e d  

t h e  macroscop ic  motion o f  pla.srna, p h y s i c a l  p r o c e s s e s  a s s o c i a t e d  ~ i t h  

d i s c r e t e  p a r t i c l e s  a r e  a b s e n t .  Thus i n  o r d e r  t o  t a k e  account  o f  t h e  

e f f e c t  of p a r t i c l e  t r a p p i n g ,  we must u s e  k i n e t i c  t h e o r y .  F i r s t : ,  t he  ref- 

l e c t i o n  o f  i o n s  s h o u l d  b e  i -ncluded i n t o  a  c o n s i s t e n t  p f c t u r e .  T h i s  has 

4 r e c e n t l y  been done by P .H.  Sakanaka . Second, t h e  e l e c t r o n  t r a p p i n g ,  

which i s  a much f a s t e r  p r o c e s s  t h a n  i o n  Landau damping, must bci incluclecl, 

To o u r  knowledge, t h i s  h a s  n o t  y e t  been ach ieved .  
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